We propose a theoretical scheme for teleportation of a general wave function of a quantum object. In principle, this protocol provides teleportation of discrete N -level spatial states of an object with various degrees of freedom, e.g. spin, in ordinary three-dimensional space. All necessary Bell states and their corresponding operators to measure and reconstruct the initial state are represented.
The teleportation scheme proposed by Bennett et al. 1 is a protocol for disembodied transmission of an unknown quantum state of a spin-1 2 particle by a sender, Alice, to the receiver, Bob, by conveying two classical bits of information. In addition, the successful experimental realizations of this protocol, for polarization states of photons, 2,3 stimulated studying of teleportation protocol for more complex systems. For instance, extensions to N -dimensional Hilbert spaces have recently attracted much attention. In Refs. 4-7, an N -level source and in Refs. 8 and 9 some two level EPR sources have been utilized to accomplish N -level state teleportation. Thus, using the above entangled versions, it is theoretically possible to teleport any system with discretizable Hilbert space.
But, what about teleportation of position states of a quantum object, ψ(x)? The answer to this question was first provided by Vaidman, 10, 11 utilizing perfect entanglement between position and momentum, which resulted in a scheme for teleportation of continuous variables, or the wave function ψ(x). Interestingly, reliable teleportation of continuous variables is shown to be implementable by experiment.
In fact, Braunstein and Kimble 12 made a realistic proposal for teleportation of the quantum state of a single mode of the electromagnetic field. In the other words, their scheme was an implementation of Vaidman's method. Then, an experimental realization of the Braunstein-Kimble method was performed by Furasawa et al. 13 But, it is believed that this type of experiment cannot be expected to improve, due to difficulties in establishing highly squeezed light fields, 14 and even in ideal experimental conditions, details of Bob's reconstruction process results in an almost perfect replica of light fields.
15 Also, as Vaidman pointed out, the Braunstein-Kimble method is not applicable directly for teleporting ψ(x), where x is the spatial position of a quantum object.
11 As a proposition, Vaidman offered a way to overcome this disability by introducing a quantum-quantum interaction which can convert the continuous variable of a real position to the electromagnetic field amplitude variable. However, other methods or alternatives might be possible to solve this problem.
In this paper, a simple alternate scheme to teleport the wave function of an object is discussed. This scheme relies on a special EPR source and a set of receivers which can introduce the necessary entanglement for teleportation of a multi-level entangled position-spin state in three-dimensional space.
As usual in this scheme two parties contribute, Alice and Bob, who have labs which contain 2N -receiver arrays, as sketched in Fig. 1 . An EPR source is placed in the center of the symmetry axis (z-axis) of the two receiver lines, which emits, isotropically, two identical particles with vanishing total momentum which are maximally entangled in momentum space. Such an EPR source has also been used elsewhere in some discussions on foundations of quantum mechanics. 16 The receivers are labeled by ±1, ±2, . . . , ±N . It is assumed that they do not perform any destructive measurements on the received particles (nondemolition measurements). All lines that connect each receiver to the related lab are representatives of appropriate Fig. 1 . Schematic of the proposed quantum teleportation set-up.
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quantum channels. Each quantum object with unknown state, as an initial import to Alice's lab, is sent to her receiver arrays to be combined with her own particle. Then, she performs a Bell state measurement (BSM) on her two particles. Based upon the result of her BSM, she communicates with Bob through a classical channel, sending related binary codes which are sufficient for Bob to recover the initial quantum state in his lab. Now, some details of the scheme for teleportation of quantum position state of an object are illustrated in simple cases. For simplicity, firstly, teleportation of one-dimensional position state of a spinless particle is considered. In this case, the total state describing the system (arrays plus source) is
where n refers to label of the receivers and |n describes a discretized position state of a particle in the x-direction in the system. If the dimension of the receivers could be considered zero, then |n could be mathematically represented by the δ(x i − x n ) function [x i and x n (with x n = −x −n ) are the position of the ith particle (i = I, II) and the nth receiver, respectively], which is clearly a Fourier transformation of a plane wave in the momentum space, in the x-direction. In this regard, the ideal total state describing the system, with continuous position space, could be represented by δ(x I + x II ). Here, instead of a continuous position space, we have assumed a descretized position space made and labeled by the receivers (with a finite dimension). Also, we adopt the convention that in tensor products the left (right) states belong to Alice (Bob) or particle I (particle II). The signs ± in |ψ 1(2) x , in which 1 (2) indicates + (−), stand for symmetry and antisymmetry of the state with respect to two-party exchange. This simply means the bosonic or fermionic property for our system. Without loss of generality, the system is considered to be bosonic. It should be noted that the entangled state (1) can be considered as a member of a larger family, that is,
where
, and H is a real normalized symmetric 2N × 2N Hadamard matrix, which satisfies the property H 2 = I. Moreover, the above states can be generalized to a more complete set of orthonormal and maximally entangled states, which are defined as
where j (k r ) is called member (family) index, and
in which r = ±1. By the way, the states (3) form Bell bases for this teleportation scheme because they satisfy the following relations 17 :
In addition, as is known, the order of a real Hadamard matrix is 1, 2 and 4k with k as a positive integer. 18 Thus, in other cases there does not exist any related teleportation protocol. In fact, physically, it is impossible to find all necessary entangled orthonormal states to perform a teleportation scheme for odd and half-odd N cases. Herewith it is assumed that N is among the allowed values for which there is a related scheme. Now one can find unitary orthogonal operators which transform a Bell basis into the others (analogs of Pauli spin matrices in the case of two spin-1/2 entanglement). The following unitary operator
acting on the Bell states gives
A set of basic operators which can be considered as fundamental operators of the scheme were introduced in Refs. 17 and 19. Now, the most general position states which Alice is able to teleport are
Mapping of the object's wave function to this state can be prepared by a typical scanning, for instance, using two approaching arrays of receivers sweeping the object. To start the scheme, Alice has to combine her own particle with the given one. By rewriting the total state of the three particles based on the introduced Bell states, she must perform a BSM on her two possessed particles and then send her obtained classical results, which encode the retrieving process, to Bob as the following 17 :
Now, Bob suffices to know the classical information identifying the corresponding operator, i.e. (k r , j), to reconstruct the initial state |φ x . Here, it should be pointed out that in the original scheme of continuous variables teleportation,á la Vaidman, 10,11 Alice needs to apply two separate measurements on position and momentum of the particles to accomplish a BSM for teleportation of ψ(x). But, in our scheme, Alice needs to perform only one kind of BSM on the position variable.
To do a BSM, Alice needs to apply a grand unitary and Hermitian operator (acting on all the channels) followed by a position state measurement on her outgoing quantum channels. To simplify the form of this grand operator, we introduce another set of Bell states which have the compact form as
where f kr (j) = r(j +k −1) mod(2N ) . These new states can be obtained by application of some local unitary operator from the set in Eq. (3). Now, we can consider the representation of the grand operator as
where f kr (j) = r(j + k − 1) mod(2N ) . It is easy to check that H|ψ (kr,j) = |j, f kr (j) , and also H 2 = I. 17 It is seen that the required grand operator is a conditioned gate which acts on a 2N -dimensional Hilbert space (channel space). Furthermore, based on the works of Deutsch 20 and Barenco et al., 21 , we can construct the grand operator using a set of three-dimensional (channel) controlled gates. Thus, here, we just introduce a position controlled-SWAP (PCS) or position a Fredkin gate as a three-dimensional controlled operator which acts as
where θ(n) is the unit step function. But it should be noted that this gate still acts on two particles. To realize the action of this operator, we propose a construction using four typical spin-1 2 CNOT gates. Figure 2 shows a sketch of this construction. The CNOT gate is defined as CNOT = σ x ⊗ 1 CNOT σ x ⊗ 1. If a spin-1 2 particle passes through the control channel, then the two first CNOT and CNOT definitely change spin of an intermediate spin-1 2 particle, named the spin target, which is preset to a fixed state, e.g. | ↑ . It is assumed that any change in the state describing the spin target means switching the SWAP gate for the channels m and −m. The latter two CNOT and CNOT are just to reset the spin target to its initial value. The PCS gate can be realized using, for example, superconducting circuits. It is obvious that any change in the spin target results in a change in the magnetic flux passing through a superconductor circuit. For switching the SWAP gate, the induced current can be amplified by a superconducting LC circuit in order to produce at least a critical magnetic field to set the proper channel superconducting or nonsuperconducting. A more detailed scheme of the spatial Bell state measuremant of two particles can be found elsewhere.
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At this stage, we consider entangled position-spin state teleportation of a particle having spin S. To accomplish this, it is sufficient to assume that the source emits an entangled pair of particles not only with vanishing total momentum but also with zero total spin. Therefore, the quantum state of the system would be
that is, simply the tensor product of position and spin states of the source. So, there is no entanglement between these two degrees of freedom. With this system, Alice would be able to send unknown quantum states with the following general form:
As is seen, to teleport a state of spin degree of freedom together with a state of position degree of freedom, one does not need to change the formalism drastically, one simply needs to arrange the scheme to work for N (2S + 1) dimensions. In this way, one can simultaneously accomplish the spin state as well as the position state teleportation of an entangled state in the form |φ xs . This procedure can be generalized to teleportation of any other degrees of freedom of an object, provided that its necessary entanglement is supplied by the source. In fact, instead of spin, as another degree of freedom, we can think of the position of another particle. Then, in the teleportation of a two-particle system we need two separate sources. To extend the protocol for teleportation of a two-dimensional position state of an object, we assume that the arrays are planar so that the state of our system would be
With this assumption, Alice now can teleport the states of the following general form:
to Bob, which are representatives of states that result in two-dimensional wave functions ψ(x, y). Now, by insight obtained from the one-dimensional case, it is clear that two-dimensional position state teleportation is mathematically equivalent to the one-dimensional case just with a larger (channel) Hilbert space dimension,
There is an intricacy in the extension of the protocol for teleportation of threedimensional wave functions ψ(x, y, z). To achieve this goal, we use the fact that any quantum state |φ z can be expressed in the momentum basis as well as the position one, that is, |φ z = z c z |z = p b p |p , using a Fourier transformation. Thus, to teleport a state represented in the momentum basis, another property for the source is added, without any change in the form of the planar receivers. Suppose that in addition to the previous conditions the emitted entangled particles from the source can obtain a definite momentum whose value is among p 1 , p 2 , . . . , p M with the same probability in the z-direction. However, in an experimental realization fulfilling, these properties for the source can be highly challenging. Anyway, the state of the system in this direction can be written as
Utilizing this source, Alice can send states in the form Since by exchanging the role of sender and receiver in a dense coding scheme one can obtain a teleportation scheme, the efficiency of a teleportation protocol can be expressed by the efficiency of its corresponding dense coding scheme. Elsewhere, we have obtained the dense coding efficiency of this protocol as sent bits of information per unit time and particle. 22 It has been shown that the efficiency of the protocol is better than the protocols using N pairwise entangled qubits and/or N maximally entangled qubits shared between two parties, 23 with a logarithmic factor depending on the dimension of the Hilbert space. Therefore, correspondingly, the efficiency of the proposed teleportation scheme is better than the protocols with N pairwise entangled qubits and/or N maximally entangled qubits. Furthermore, utilizing this scheme provides teleportation of a descretized position state in addition to the teleportation of, for example, polarization or even a squeezed state in the usual PDC set-up in which the entangled beams should be split in a suitable manner (as, for instance, shown in Fig. 3 ).
In conclusion, we have proposed a simple scheme which introduces N -level spatial state teleportation of a three-dimensional particle (a real object in our threedimensional space) having arbitrary degrees of freedom. This scheme uses just one special EPR pair of particles and a planar quantum scanner. In addition, we have given representations for Bell states and necessary operators, using symmetric normalized Hadamard matrices. We have shown that an entangled position-spin state can be teleported using an EPR pair entangled in position and spin variables, separately, without need to assume any entanglement between the two variables in the source. The advantage of the scheme is that is needs only one kind of mechanism for BSM in each spatial dimension. So the scheme can be considered more economical than the original one, which needs two kinds of measurement on position and momentum spaces per spatial dimension. Furthermore, possible realization of this scheme can shed light on teleportation of multi-particle objects, using separate EPR sources which only emit the constituent particles of the object. This kind of protocol is the ultimate goal of quantum teleportation.
